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A B S T R A C T   

This work introduces a new route-based equilibrium assignment formulation and algorithm for 
congested transit networks. It is an extension of De Cea and Fernández (1993), which implements 
congestion effects in the boarding process and introduced the concept of effective frequencies. 
That seminal work provides a solution algorithm for the equilibrium problem that takes advan
tage of two main simplifications. First, it limits the number of route sections under consideration 
(i.e., it considers a reduced set of attractive services for users to choose from on each leg of their 
trip). Second, it assumes that the flow split between attractive services can be estimated using the 
nominal frequencies of the services instead of the effective ones. 

In this paper, we develop an equilibrium model and solution algorithm that extend the original 
formulation without relying on the two assumptions mentioned above, while still addressing 
three key challenges. First, user cost functions are asymmetric in nature, and therefore, an 
equivalent optimization problem cannot be formulated. Second, cost functions on this approach 
can only be expressed implicitly, which makes the implementation of a diagonalization algorithm 
a challenging problem. Lastly, dealing with the whole set of route sections implies working with 
all feasible sets of attractive services, which can make the underlying auxiliary network grow 
exponentially in size. 

We solve the equilibrium problem by using a diagonalization algorithm, obtaining approximate 
diagonalized functions by solving a fixed-point problem. Our methodology also includes an 
efficient algorithm to generate potential candidate sets of services in the network. We test our 
algorithm on three networks of increasing size, where we show that the approach effectively 
converges to a user equilibrium solution in a matter of seconds. We also show that the benchmark 
original algorithm converges to solutions that violate user equilibrium conditions, exhibiting 
unutilized routes with lower than equilibrium costs, confirming that our algorithm is the first one 
to find an exact solution to the route-based public transport user equilibrium problem.   

1. Introduction 

Transit systems in many cities, specially in the developing world, play a key role serving millions of trips per day. In those cities the 
level of service perceived by its users during the peak periods is affected by traveling decisions of many other transit users. In a crowded 
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bus or train the comfort perceived is affected by how many people share the same space. In such a case the impact between passengers 
is symmetric. In these high demand systems the capacity of buses or trains may be reached when they approach a stop or station, 
preventing passengers from boarding them, increasing their waiting time. Notice that in this case the impact between passengers is 
asymmetric since those already inside the vehicle are not affected by the users that stay at the platform. Under these circumstances 
passengers decision may not only affect other users cost, but also their mode and route choices. 

Thus, some passengers may turn away from crowded vehicle routes, prefering alternative ones to reach their destinations. Users 
sometimes even choose to travel upstream, opposite to their destination to reach a stop where they can board a vehicle in their desired 
direction. Many route attributes affect these decisions: expected waiting time, travel time, comfort, number of transfers, and their 
variablity. 

Thus, predicting how passengers will travel in a high-demand transit system is challenging. Overestimating the demand in a route 
may induce the authority to plan more capacity than needed. Underestimating it will not just induce crowding and therefore a poor 
level of service to users, it will also force travelers to take alternative routes that may have not been considered in the assigment. 

Also, predicting how pasengers will travel requires assuming how each of them understands the complexity of the transit network 
and the opportunities it opens, and if an element of unpredictibility or uncertainty is included in how their decisions are modeled. 
Regarding route complexity, they have been categorized as itineraries, routes and hyperpaths (or strategies) depending on if travelers 
could consider more than one service for each trip leg or if transfer nodes are either fixed or dependent on the services that a passenger 
actually takes. 

Many recent contributions to the literature have explored hyperpath-based transit assignment models. For a user to identify the 
optimum hyperpath for a trip demands a profound understanding of the transit network and the expected level of service in each trip 
leg. This is even more complicated when the expected occupancy of vehicles in many segments of the network approach their capacity. 
Thus, it is questionable that users really optimize hyperpaths when they choose their trips under these circumstances. In many cities, 
specially in the developing world, we could expect transit users to lack such abilities (Raveau, 2014). 

So, exploring a simpler user behavior would be valuable. De Cea and Fernández (1993) formulate a model in which users choose 
their trips by identifying a fixed sequence of transfer nodes, and selecting a set of services as attractive lines for each trip leg. To include 
congestion, they preprocess the network creating disjoint sets of route sections (which correspond to possible sets of attractive lines) to 
represent different alternatives for each trip leg. To reduce the size of the problem, and also to simplify the mathematical formulation 
and solution algorithm, the authors reduce the number of route sections with a procedure that builds route sections by partitioning the 
set of available services, instead of considering every possible subset of them. This approach discards route sections that under certain 
levels of congestion would become attractive, ruling out some valid route choices for the users. This simplification could lead to a 
predicted passenger assignment that is not technically a user equilibrium, i.e., where users would have an incentive to shift to one of 
the more attractive routes left out in their route section by the formulation. 

In this paper, we extend the work of De Cea and Fernández (1993) to consider the entire set of valid routes in the solution. First, we 
formulate a user equilibrium problem on an auxiliary network containing the complete set of route sections. We then present a solution 
algorithm that solves this problem by dynamically adding route sections to the auxiliary network, to keep the size of the problem 
tractable. To test our algorithm, we study three instaces of the problem. These experiments confirm that the original algorithm can 
actually converge to solutions that violate user equilibrium conditions, and that there can be a considerable gap between this solution 
and the equilibrium solution found by our algorithm. These experiments also show the applicability of our algorithm, which finds an 
equilibrium solution for the Sioux Falls benchmark network (Leblanc, 1988) in under a minute. 

2. Background 

Predicting user behavior on a transit network is a challenging but important problem, given how crucial this information is for 
designing, operating, and improving public transport systems. In general, passenger assignment models work on the basis that users 
are rational, and that they will choose the option that minimizes their (usually expected) total journey time to their destination. In 
what follows, we discuss some of the different existing approaches for modeling and predicting how passengers perform their trips in a 
public transport network. 

2.1. Frequency and schedule based models 

Passenger assignment models are usually categorized into frequency-based or schedule-based models. In the first case, users know 
the frequencies of the services in the system, and use this information when estimating waiting times for their options. In a schedule- 
based model, passengers know the timetable of the services they can take. The first type of model is reasonable for high-frequency 
systems (i.e., for systems operating with headways below 15 or 10 min), which are common in developing countries and in high 
demand systems. For more details about these approaches, please see a review paper by Fu et al. (2012). The problem we study in this 
work falls in the frequency-based category, and our literature review focuses on this type of work. For more information on schedule- 
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based passenger assignment in general, please refer to Nuzzolo (2002); for schedule-based equilibrium models, refer to Hamdouch & 
Lawphongpanich (2008); Nuzzolo et al. (2012); Poon et al. (2004); Tong & Wong (1999). Further, for schedule-based passenger 
assignment in congested networks with limited seat capacity, please refer to Hamdouch et al. (2011); Sumalee et al. (2009). 

2.2. The “common line” problem 

One key element when modeling passenger assignment is the existence of common lines in the network, which are groups of services 
connecting in parallel certain pairs of stops in the network. When the public transport network exhibits common lines, users can adopt 
different types of strategies to perform their trips, with varying levels of performance and complexity. 

In absence of common lines, users travelling between two stops can choose a sequence of specific services and transfer stops to get 
to their destination. This is what in the literature is called an itinerary. When the network presents common lines, however, the 
passengers can reduce their journey times by selecting groups of services to perform sections of their journeys. A public transport route 
is defined as a sequence of route sections and predefined stops. On each route section, users consider a group of attractive services, and 
take the first one to show up at the stop (Chriqui & Robillard, 1975). An even more sophisticated approach can further reduce expected 
travel times, by even allowing transfer nodes to be determined by which service shows up first. This is called a hyperpath or simply a 
strategy in the literature (Florian & Spiess, 1983; Nguyen & Pallottino, 1988; Spiess & Florian, 1989). 

These three approaches have their pros and cons. Itineraries usually lead to very simple formulations that can be solved by standard 
techniques, but they are too simplistic to model behavior when common lines do exist. Routes and strategies are naturally better suited 
for this case. Although a passenger using strategies can achieve the best journey times, evidence suggests (Raveau, 2014) that this type 
of behavior is too sophisticated and it is infrequent to observe in realistic settings. Hence, route-based models offer a good balance 
between the simplicity of itineraries and the complexity of strategies as a predictive tool for user behavior. 

2.3. Uncongested passenger assignment 

We will say that an assignment problem presents congestion when the cost of the journey (i.e., travel times, waiting times, or any 
other component relevant for the experienced (dis)utility of the journey) depend on the flows in the network. In private transport, for 
example, as more vehicles transit one particular road, its travel time increases. In public transport, congestion can manifest itself in 
different ways. In this work, we model congestion as a reduced probability of boarding a bus due to users competing for its capacity: in 
this case, waiting times are a function of the flows boarding at a station, or already in the vehicle when it arrives to the station. 

In the absence of congestion, travel times, waiting times, and other costs in the network are constant. This means that the decision 
of every user in this case is independent, so the passenger assignment problem translates into finding the shortest option (itinerary, 
route or strategy) for each demanded O-D pair in the network. The shortest itinerary problem is trivial to solve: the problem can be 
converted easily into a shortest path problem and solved using Dijkstra’s (1959) algorithm (or a similar algorithm). The shortest 
strategy problem can also be solved recursively, starting from the end of the trip and building backwards, using Spiess & Florian 
(1989). 

The shortest public transport route problem can be solved efficiently using De Cea & Fernandez (1989). This algorithm works by 
building an auxiliary graph of route sections, and then finding the shortest paths on this network using Dijkstra’s (or an equivalent) 
algorithm. For every pair of stops, an arc is generated, containing the expected travel time (waiting and in-vehicle) for the pair when 
the user selects the optimal set of services to perform this section of the trip. This set of attractive services can be determined using 
Chriqui & Robillard (1975) or Robillard (1971). 

2.4. User equilibrium 

In the presence of congestion, passenger assignment models must consider the different interactions between users’ decisions and 
their travel times. One way to deal with this issue is to model passenger assignment as a user equilibrium problem. A passenger 
assignment on a transport network is a user equilibrium if no user can improve their current situation by changing their decision. This 
condition, commonly known as Wardrop’s first principle (Nash, 1952), or just the user equilibrium condition, leads to a Nash equi
librium (Nash, 1952) in the network and has been widely used to model passenger assignment processes in the presence of congestion. 

There are different methods for finding an equilibrium solution given a network, its cost functions, and a demand matrix to assign. 
The easiest case is when the cost of each arc in the network, ca, is a function exclusively of its own flow va, i.e., when ca = ca(va). This 
type of problem is known as a diagonal equilibrium problem, because the Jacobian matrix of elements ∂ca/∂vb is diagonal. Diagonal 
problems can be converted into an equivalent optimization problem, known as Beckmann’s transformation (Beckmann et al., 1956), 
which can in turn be approached by different optimization methods. One convenient method for solving this problem is the convex 
combination method by Frank & Wolfe (1956), because it allows solving Beckmann’s transformation without resorting to route 
enumeration. 

Many realistic scenarios, however, present some sort of interaction between the costs of an arc, ca, and the flow of a different arc in 
the network, vb, which is usually the case when modeling assignment in public transport. When these interactions are symmetric (i.e., 
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when ∂ca/∂vb = ∂cb/∂va for any pair of arcs a and b), the problem can still be converted, albeit not always trivially, into an equivalent 
optimization problem. When these interactions are asymmetric, as in the problem we study in this paper, the problem cannot be 
converted into an optimization problem, and some different approach must be taken. 

One way of solving asymmetric user equilibrium problems is to use the diagonalization method (Abdulaal & Leblanc, 1979; Florian, 
1977). This problem works by solving a diagonal approximation of the problem in every iteration. To “diagonalize” a cost function 
ca(v1,⋯, va,⋯, vm) for a current solution given by its flows v1,⋯,vm, we must substitute in ca the current values for every flow except 

from va, so the diagonalized function ĉa is defined as ĉa(va) = ca

(

v1,⋯, va,⋯, vm

)

. When the algorithm converges to a solution, this 

solution is guaranteed to be an equilibrium solution to the original asymmetric equilibrium problem (Sheffi, 1985). 

2.5. User equilibrium models for public transport 

Different authors have proposed different user equilibrium formulations for public transport passenger assignment. First, 
congestion itself can happen at any stage where passenger flows may influence travel times or, more general, (dis)utilities. Some early 
approaches modeled congestion as the effect that overcrowding has on comfort, like in Florian (1977); Florian & Spiess (1983); Nguyen 
& Pallottino (1988). The works of Leurent (2009, 2012); Leurent et al. (2014); Schmöcker et al. (2011) extend this analysis to include 
the effect of limited seat capacity, which reintroduces asymmetry to the problem. All of these works base their formulations and al
gorithms on a frequency-based setting where users travel through hyperpaths. Another rather unexplored type of congestion, proposed 
in Larrain & Muñoz (2008), occurs when dwell times also depend on the boarding and alighting flows of a service. It is extended by 
Alonso et al. (2016) for a limited capacity scenario and study its effect on waiting time and discomfort caused to passengers during the 
journey. 

Another approach for modeling congestion in public transport network comes from the interaction of users trying to board a bus at 
a station, and the passengers occupying the capacity of the bus when it arrives. This interaction translates into a probability that some 
passengers may fail to board the first bus that arrives. De Cea & Fernández (1993) introduce the concept of effective frequency of a 
service to capture this phenomenon: as a service gets congested, its reduction in capacity can be modeled as a reduction of its nominal 
frequency. In other words, as the effective frequency of a service sees a reduction, the corresponding waiting times increase 
accordingly. The same concept is used by Gao et al.(2004) to solve bi-level transit assignment problem. Wu et al. (1994) extended this 
concept for hyperpaths, also known as strategies (instead of routes as in De Cea & Fernández (1993)), and further extended by Cepeda 
et al. (2006); Cominetti & Correa (2001); Codina (2013); Kurauchi et al. (2003) for strict capacity constraints using queueing theory. 
Finally, Cortés et al. (2013) extended this concept for stochastic passenger behavior. 

One defining element of public transport equilibrium models, which is implicit in many of the works described, is how they 
approach what Bouzaïene-Ayari et al. (2001) define as the bus stop problem. This objective of the bus stop problem is to distribute the 
demand of passengers waiting to board a specific set of attractive services among those services, and to estimate their waiting times. 
This problem can be tackled with different levels of detail. According to this work, bus stop models can be uncongested, partially 
congested, or fully congested, depending not just in the demand level, but also on how the congestion effect is modeled. The first type 
of model simply ignores the effect of congestion both on passenger distribution and waiting times, like the models we discussed in the 
“Uncongested passenger assignment” section. Partially congested models are the ones where flows have a detrimental effect on waiting 
times, but neglect the effect congestion has on how demand splits between sets of attractive services. A fully congested model considers 
these two effects at the same time. In other words: partially congested models split the demand according to the nominal frequencies of 
the services (i.e., their “uncongested” frequencies), while a fully congested model considers (directly or indirectly) the effective fre
quencies in this process. There is another impact of congestion that has not been discussed in Bouzaïene-Ayari et al. (2001), which is 
the effect congestion has on the expected in-vehicle travel time of users. The expected in-vehicle travel time depends on the probability 
of boarding each attractive service, so if one of them becomes congested, the expected time will also be affected. 

The above-mentioned work of De Cea & Fernández (1993) proposes a user equilibrium model where passengers travel through 
public transport routes. We will refer to this model as the DCF model (or algorithm) from now on. The model and algorithm we 
introduce in this work extends the DCF model, dealing with what in our judgement are two important limitations of that formulation. 

The first one is that, to ensure tractability of the problem, the DCF model restricts the possible combinations of attractive services 
that users can consider at each route section of the auxiliary network. For example, if L s is the set of services available for performing a 
trip in route section s, instead of allowing users to consider any subset L⊆L s as their set of attractive services, the algorithm partitions 
L s into a reduced number of disjoint subsets from which the users can choose from. This may lead, as we will show with an example, to 
situations where the solution reached by the DCF algorithm neglects routes that would be attractive for some users, which violates user 
equilibrium conditions. 

A second limitation from the DCF model is that it distributes the demand for a set of attractive lines using nominal frequencies 
instead of effective ones, i.e., it is a partially congested model instead of a fully congested one. Our formulation not only deals with this 
issue, but also includes the effect of congestion on the expected in-vehicle travel times. 

3. Problem definition 

Given a public transport network, with its services, nominal frequencies and travel times, and a demand matrix containing different 
O-D pairs in the network, the objective is to find a passenger assignment which satisfies user equilibrium conditions. Users in the 
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system travel on the network following public transport routes, as defined earlier. The system presents vehicles have limited capacities, 
affecting waiting times, i.e., the waiting times at a station increase when the occupancy of arriving buses reach their capacity, or when 
too many people try to board the same line, exceeding the available capacity inside the bus. 

In what follows we give a more precise definition of the problem, stating and discussing the main assumptions behind it, and then 
detailing the main components of the equilibrium problem: the underlying network; the domain of the problem (i.e., what constitutes a 
feasible passenger assignment); the cost functions and how we model the effect of congestion in our network. We finish this chapter by 
stating the user equilibrium problem as a variational inequality. 

3.1. Main assumptions 

The user equilibrium problem we formulate and solve in this work is built from several assumptions. In what follows we state the 
most important ones. Some of them are part of the definition of the problem. The rest are mostly simplifications we have made to make 
our notation cleaner, and can be easily generalized. When this is not the case, we include a discussion on the limitation the assumption 
carries, and ways to extend our formulation (and algorithm) to deal with the missing feature.  

• Our model assumes that passengers travel using public transport routes. As we discussed in the literature review, the existing 
models in the literature for this kind of passenger behavior present some limitations that we fix in the formulation and algorithm 
presented in this article. This behavioral model also carries the underlying assumption that users make their decisions based on 
their perceived service frequencies and waiting times, and that they do not count on more precise information, like a timetable or a 
route planning application.  

• Congestion only directly affects waiting times in our formulation. Some works in the literature, as discussed earlier, also consider 
the effect of congestion in comfort.  

• We model a waiting time as a function that grows when certain flows in the network increase. We use the concept of effective 
frequency, as defined by De Cea and Fernández (1993), defined as a proportion of the inverse of the waiting time. As vehicles 
become full and more people wait for the same services at stations, waiting times grow, and the effective frequency falls 
accordingly.  

• When passengers travel on a route section taking the first line they can board from a set of services, the probability of taking one 
specific service is proportional to its effective frequency, not the nominal one. This gives the model more realism, but increases its 
difficulty considerably.  

• Travel times are fixed and independent from the level of saturation of the system. The regularity of the services (i.e., the variability 
in the vehicle arrival process to the stations) is also assumed independent from the passenger assignment. Dwell times are also fixed 
and independent from the assignment.  

• We assume that users aim to minimize their expected travel times, consisting in the sum of waiting times and in-vehicle travel 
times. For simplicity, we neglect the effect of fares, transfers, and the subjective values of time for different stages of the trip in the 
perceived costs. All these factors are easy to incorporate in the formulation via trivial modifications to the cost functions and travel 
times of the network.  

• We assume that trips begin and end at a bus stop level. This means that we do not consider the possibility that users may change the 
stops where they begin or end their journeys to reduce their travel times. Such level of decision can be modeled with the same 
framework we propose here by including fictitious services representing walking arcs, but at the cost of increasing the size of the 
instances. 

3.2. Network topology 

The public transport network is represented as a set of bus stops, N , and a set of transit lines L , each one defined as a sequence of 
nodes from N . Each line has a given nominal frequency fl and is operated using buses of capacity Ql. 

The set of O-D pairs in the network is defined as W := {w = (i, j) : i, j ∈ N , i ∕= j }. The demand for pair w is denoted by Tw. The set 
of trip sections is defined as S ⊆W , which contains the O-D pairs in the transit network that are connected by at least one direct trip of 
a service. We define L s⊆L as the set of lines that provide direct service for trip section s ∈ S . The in-vehicle travel time on line l ∈ L s 
for section s ∈ S is represented by tsl. We also define L i as the set of lines stopping at stop i ∈ N . 

We will state a user equilibrium problem over an auxiliary graph G = (N ,A ). The set of nodes N is the same set of stops defined 
above. The set of arcs A contains one arc for each possible non-empty subset of lines offering a direct connection on each possible route 
section, i.e., A := {a = (s,L) : s ∈ S ,L⊆L s,L ∕= ∅ }. We denote the size of this set, i.e., the number of arcs in graph G , as m. Each 
element a ∈ A is thus defined as a combination of a route section, notated as sa, and a non-empty set of lines, notated as La, satisfying 
that La⊆L sa . The tail and head nodes of arc a are the same ones in route section sa, denoted by a+ and a− . Note that graph G is a 
multigraph (i.e., it will likely have parallel arcs), because for a single section s there might be several different possible sets L. Graph G 

is illustrated for a small network in Fig. 1. 
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Note that the graph depicted in Fig. 1 contains every possible arc for the given public transit network. In our solution algorithm, we 
dynamically generate these arcs as they become attractive by the solution, but the equilibrium solution we finally reach corresponds to 
an equilibrium solution over this auxiliary graph. 

3.3. Feasible assignment 

An assignment solution for a given public transport network and demand matrix, where passengers follow public transit routes, can 
be characterized by non-negative variables vaw, which indicate the flow of passengers that use section sa ∈ S as a stage of their trip 
through pair w ∈ W , using the set of lines La⊆L sa . Defining T+

wi as Tw if i is the origin of w (and zero otherwise), and T−
wi as Tw if i is the 

destination of w (and zero otherwise), the following expression ensures flow conservation and demand fulfillment on the network: 
∑

a∈δ−i

vaw + T+
wi =

∑

a∈δ+i

vaw + T −
wi,∀i ∈ N ,w ∈ W (1)  

Here, δ+i and δ−i are the sets of arcs that respectively begin or finish at stop i, i.e., δ+i := {a ∈ A : a+ = i} and δ−i := {a ∈ A : a− = i}. 
Any feasible passenger assignment for our problem can be expressed as |W | non-negative vectors Vw of variables vaw satisfying Eq. (1). 
Eq. (1) ensures flow conservation at each node and links the travel demand with passenger flows at each O-D level and node level. 

We define variable va as the total flow of trips on arc a ∈ A , and vector V as the vector of variables va. These flows depend directly 
from flows vaw: 

va =
∑

w∈W

vaw,∀a ∈ A (2) 

We say that a passenger assignment V is feasible if there is a set of non-negative vectors Vw inducing it, satisfying Eqs. (1) and (2). 
The set of feasible passenger assignments is denoted by Ω. 

3.4. Cost functions 

We now describe the cost functions, i.e., how we model congestion in the waiting times of our problem. First, we define wiL as the 
expected waiting time for passengers at stop i until they are able to board a service from a set of attractive lines L. For flexibility in our 
notation, parameter L in wiL can also be a single line, i.e., wil is the expected waiting time at station i for a passenger to board service l. 
We also define the effective frequency fil of a line l ∈ L at stop i ∈ N , as fil := k/wil, where k is a constant which captures the variability 
of the arrival process. For example, k = 0.5 means that buses arrive at perfectly regular intervals, while k = 1 means that they arrive 
following a Poisson distribution. The expected waiting time wiL can be estimated from the total effective frequency of lines in L, i.e., 
wiL := k/

∑
l∈Lfil. Using these definitions, we can formulate the cost function for arc a as: 

ca =

∑
l∈La

tsalfa+ l + k
∑

l∈La
fa+ l

,∀a ∈ A (3) 

Note that in this expression, node a+ represents the origin node of section sa. This cost function is very similar to the cost function 
commonly used for route-based transit assignment (see, for example, Chriqui & Robillard (1975); Robillard (1971)), but, instead of 
depending on the nominal frequencies, it depends on the effective frequencies. This function has two components: an expected in- 
vehicle travel time, computed assuming that the probability of boarding any particular line from La is proportional to its effective 
frequency, and an expected waiting time computed as explained above. 

To model congestion on the boarding process, we will define wil (note that l is a single line) as a function wil := wil(ρil), where ρil is 

Fig. 1. Construction of auxiliary graph G = (N ,A ).  
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the level of saturation of line l at station i, i.e, as the ratio between the line’s demand and its capacity at stop i. Function wil(ρil) can be 
modeled using different formulations. A valid congestion function should meet the following two conditions. First, the uncongested 
waiting time corresponds to the waiting time of the nominal frequency fl, i.e., wil(0) = k/fl. Second, waiting times must be a monotonic 
non-decreasing function of density, i.e., ∂wil/∂ρil ≥ 0. Note that a given function wil(ρil) also directly defines the effective frequency 
function fil(ρil) := k/wil(ρil). 

Note that we do not define a specific waiting time function for a set L of services, but it can be estimated as the inverse of the total 
effective frequency offered by the lines l ∈ L involved. This means that the waiting time function wiL of a set L⊆L i can be obtained 
from the waiting times of the lines involved using the following expression: 

wiL =
1

∑
l∈L1

/
wil

,∀i ∈ N ,L⊆L i (4) 

Following its definition, the level of saturation ρil can be computed as: 

ρil =
vil

flQl
, ∀i ∈ N , l ∈ L i (5) 

In this expression, vil is defined as the competing flow on stop i for boarding line l (note that this definition is slightly different from 
the one used in De Cea & Fernández (1993), but leads to the same flow interactions). The competing flow is defined as the sum of two 
components, vil := v+il + v ↔

il . The first component v+il denotes the flow of passengers boarding line l at stop i. The second component v↔
il 

denotes the flow of passengers that occupies the available capacity of line l when it passes through station i, i.e., it contains the flow of 
trips from l that board upstream from stop i, and alight downstream from stop i. Both flows can be expressed as a function of vs

L as 
follows: 

v+il =
∑

a∈δ+il

filva
∑

l’∈Lfil’
,∀i ∈ N , l ∈ L i (6)  

v ↔
il =

∑

a∈Δil

fa+ lva
∑

l’∈La
fa+ l’

,∀i ∈ N , l ∈ L i (7) 

In expression (6), δ+il is defined as the set of arcs exiting from node i whose set of lines La contains line l, i.e., δ+il :=
{
a ∈ δ+l : l ∈ La

}
. 

This implies that in the sum of Eq. (6), every appearance of bus stop i can be replaced by a+. In expression (7), set Δil is defined as the set 
of arcs a whose section sa passes through stop i, and whose set of lines L contains l, i.e., Δil := {a ∈ A : a+ < i, a− > i, l ∈ La}. Ex
pressions (6) and (7) assume that the portion of va captured by a specific line l ∈ La is proportional to its effective frequency at node a+, 
where the boarding takes place for arc a. 

Combining (5), (6) and (7), and defining C il := δ+il ∪ Δil, we can obtain the following equation for the saturations ρil: 

ρil =
1

flQl

[
∑

a∈C il

fa+ l ⋅ va
∑

l’∈La
fa+ l’

]

,∀i ∈ N , l ∈ L i (8) 

Note that in this expression the effective frequencies fil are a function of the corresponding saturation, i.e., fil = fil(ρil). This means 
that if we have a solution V, expression (8) corresponds to a system of equations that implicitly define a function ρil(V). 

3.5. User equilibrium problem 

Defining c(V) as the vector of cost functions, a passenger assignment V* is consistent with user equilibrium conditions if it satisfies 
the following variational inequality (Sheffi, 1985): 

c(V*) ⋅ (V − V*) ≥ 0, ∀V ∈ Ω (9) 

In the next section, we introduce a solution algorithm to find a user equilibrium for a general public transport network, and specify 
how it deals with the sources of complexity mentioned above. 

4. Solution algorithm 

The user equilibrium problem defined by (9) has three defining attributes that make it challenging:  

• Cost functions are asymmetric, which means that we cannot support the search for the equilibrium passenger assignment with an 
equivalent optimization problem.  

• Cost functions are not defined as explicit functions of flows V.  
• The number of arcs of the auxiliary network grows exponentially with the size of the instance, because it considers an arc for each 

one of the (2|L s | − 1) possible subsets of services at every section s. 
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In this section we introduce an algorithm that deals with these three difficulties to solve the equilibrium problem. As in the DCF 
algorithm, we tackle the asymmetry of the problem by using a diagonalization algorithm, as described in Section 2. However, this 
algorithm relies on the diagonalized cost functions, which are not trivial to obtain when the cost functions are defined implicitly as in 
our case. 

Expression (3) formulates costs as a function of the effective frequencies, which are in turn an implicit function of vector V. Since we do 
not count on a closed form expression for the cost functions ca(V) that we want to diagonalize, we developed an approximation method for 
obtaining these diagonal functions. This approximation builds on the fact that the levels of saturation, ρil, can be evaluated for a given 
passenger assignment V, by iteratively solving the system of fixed point equations in (8). We describe this algorithm in detail below: 

Algorithm 1: Iterative algorithm for the saturations of a given passenger assignment.  

1 Set n = 0, ρ0
il = 0.  

2 Compute the initial effective frequencies, fn
il ← k/wil

(
ρn

il
)
.  

3 Compute ρn+1
il using expression (10), using frequencies fn

il and flows V: 

ρn+1
il =

1
flQl

[
∑

a∈C il

f n
a+ l ⋅ va

∑
l’∈La

f n
a+ l’

]

,∀i ∈ N , l ∈ L i (10)    

4 Iterate steps 2 and 3 until reaching convergence, obtaining saturations ρil, and the effective frequencies and waiting times for the 
current solution, f il and wil. 

The diagonal cost functions ĉa(va) for a given vector of flows V =

(

v1,⋯, vm

)

can be defined by expression (11): 

ĉa(va) =

∑
l∈La

tsal f̂ a+ l(va) + k
∑

l∈La
f̂ a+ l(va)

,∀a ∈ A (11) 

The idea behind this is that since ĉa(va) must only depend on va, we need to replace the effective frequencies fil = fil(ρil) by their 

“diagonalized” versions, f̂ il(va) := fil

(

v1,⋯, va,⋯, vm

)

. It is worth noting that effective frequencies, waiting times, and saturation 

functions can be diagonalized for different variables va. Whenever referring to a diagonalized function we will always give the 
argument of the function to avoid any ambiguity. 

To approximate these functions, we developed an approximation for the diagonalized saturation functions, ρ̂il(va) :=

ρil

(

v1,⋯, va,⋯, vm

)

. In order to do so we can substitute the effective frequencies fil by their current values f il (obtained from V, using 

Algorithm 1): 

ρil ≈
1

flQl

⎡

⎢
⎣
∑

a∈C il

f a+ l ⋅ va
∑

l’∈La
f a+ l’

⎤

⎥
⎦,∀i ∈ N , l ∈ L i (12) 

The diagonalized version of this approximation is easy to obtain. For simplifying the notation, we define Δa
b = 1 if a = b, and 0 

otherwise: 

ρ̂il(va) ≈
1

flQl

⎡

⎢
⎣
∑

b∈C il

f b+ l
∑

l’∈Lb
f b+ l’

⋅
(
(
1 − Δa

b

)
vb + Δa

bvb

)
⎤

⎥
⎦, ∀i ∈ N , l ∈ L i (13) 

We can use (13) to approximate functions f̂ il(va) = k/ŵil

(

ρ̂il(va)

)

, which can be substituted in expression (11) to obtain a first 

order approximation of the diagonalized costs. Note that functions ̂f il(va) can also substitute the values of f il in Eq. (12) to obtain higher 
order approximations of the diagonalized costs. 

The algorithm described so far deals with the asymmetry of the problem and the implicitness of the cost functions. However, the 
number of arcs of the auxiliary network grows exponentially with the number of parallel services, which can make the algorithm too 
inefficient to deal with real-life instances of the problem. 

To tackle this issue, we propose to generate the arcs on the network dynamically, as new sets of lines become attractive for the 
solution on each iteration. Let us define A n⊆A as the set of arcs considered in the problem during iteration n of the diagonalization 
algorithm. Right after computing the saturation levels and effective frequencies of the current solution, we can apply Chriqui & 
Robillard’s (1975) algorithm to determine the sets of attractive lines for the current effective frequencies, and whenever a new set of 
lines Ls become attractive for a section s such that arc a = (s,Ls) ∕∈ A n, we append this new arc to set A n. The validity of this approach 
can be supported by the fact that if a solution satisfies equilibrium conditions for set A n of arcs, and no new arc can be added to A n by 
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the procedure we just described, then this solution must also be an equilibrium one for the whole set A . 

Algorithm 2: Adapted diagonalization algorithm for route-based transit equilibrium..   
1. Initialization phase:  

a. Solve an uncongested transit assignment problem to obtain V1.   

b. For s ∈ S , using nominal frequencies, solve the common line problem to obtain Ls, and do A 1 ← a = (s,Ls). This can be done using the algorithm proposed by Chriqui & 
Robillard (1975).   

c. Set n ← 1.   
2. Diagonalization algorithm, iteration n:   
a. From Vn, obtain ρn

il, f
n
il and wn

il using Algorithm 1.   

b. For s ∈ S , using frequencies fn
s+ l, solve Chriqui’s problem to obtain Ls, and if (s,Ls) ∕∈ A n, do A n ← a = (s,Ls).   

c. For a ∈ A n, construct the (approximate) diagonalized cost functions ĉa(va):   

i. Compute the approximate diagonalized function ρ̂ il(va) using (13).   

ii. Obtain ŵil(va) from ρ̂il(va), doing ŵil(va) = ŵil

(

ρ̂ il(va)

)

.   

iii. Obtain f̂ il(va) = k/ŵil(va).   

iv. Obtain ĉa(va) from f̂ il(va) using expression (11).   

d. Solve the diagonal user equilibrium problem defined by network G n = (N ,A n), using Frank-Wolfe algorithm to obtain Vn+1.   

e. Check convergence by comparing flows Vn and Vn+1. Stop if convergence criteria is met.   

f. Do n ← n+1 and iterate.   

Algorithm 2 summarizes the solution methodology. This algorithm has an initialization phase and a diagonalization phase. The 
initialization phase starts by solving the uncongested assignment problem, which involves determining the uncongested sets of 
attractive lines Ls for each section s, computing their expected travel times, and then solving a shortest path problem for each O-D pair 
with positive demand. The sets Ls in this step are the same ones then used to construct the initial set of arcs in step 1.b, so it makes sense 
to combine these two steps. In the diagonalization phase, the first step is to apply Algorithm 1 to obtain the current saturations and 
effective frequencies of the network. Then, step 2.b updates the network in case new attractive sets of lines are detected. This step can 
be omitted in smaller networks where the whole set A can be built in the initialization phase. Step 2.c builds the approximated di
agonal functions. Step 2.d solves the diagonal user equilibrium problem. There are several methods for doing this, but Frank-Wolfe’s 
(Frank & Wolfe, 1956) algorithm is simple and easy to implement. In this step, when using an iterative algorithm such as Frank- 
Wolfe’s, it makes sense to limit the number of iterations, trading precision for speed, especially in the first diagonalization iterations. 
This technique is what Sheffi (1985) calls a “streamlined” diagonalization algorithm. 

It is important to acknowledge that the user equilibrium algorithm we have introduced in this work is not guaranteed to converge to 
the desired equilibrium solution. However, we can observe that under some reasonable conditions (Sheffi, 1985), a conventional 
diagonalization algorithm converges to an exact solution by solving an approximation of the original problem (i.e., the diagonalized 
problem) on each iteration. The only difference of our algorithm and a conventional diagonalization is that we do not use the exact 
diagonalized functions of the problem, but an approximation of these functions. Intuitively, we would expect that if the approximation 
of the diagonalized cost functions is accurate enough, the algorithm is still likely to converge to an exact solution. Although we do not 
provide formal proof of this convergence, in the three experiments we report in Section 5 the algorithm effectively converges to a user 
equilibrium as desired, which supports our intuition. 

5. Numerical examples 

We now provide three examples of applications of the algorithm. The first example is taken from De Cea & Fernández (1993), 
originally published in Spiess & Florian (1989). We solve this small network using our algorithm and compare our results with the ones 
obtained using the DCF algorithm. We use this simple network to provide a detailed example of the application of our algorithm. This 
example illustrates some of the differences in the way these two algorithms define the costs functions for the problem, and also how the 
two approaches can lead to different sets of attractive services in the equilibrum. The second example, constructed using a five-stop 
corridor, shows how our algorithm iteratively generates the relevant sets of attractive services involved in an equilibrium solution, 
even if they are not included in the initial network. We also solve this instance using DCF to show how this algorithm can converge to a 
solution where some users could improve their travel times by considering a set of attractive services not included in the auxiliary 
network. In the third example, we show an implementation of our algorithm on a bigger, more challenging network, as a proof of its 
applicability. We base this example on the Sioux Falls network, widely used in the literature as a benchmark for testing transit network 
design algorithms (see, for instance, (Friesz et al., 2013; Gentile et al., 2005; Pineda et al., 2016; Sun & Szeto, 2018). 

5.1. Example 1 

The first example consists on the mild congestion scenario on a four-stop network originally from Spiess & Florian (1989) used in De 
Cea & Fernández (1993). The network consists of four services and four stations, as shown in Fig. 2. All services are operated by 
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vehicles with capacity Ql = 10 pax/veh. Fig. 2 summarizes the travel times (in minutes) and nominal frequencies from this instance. 
There is a flow of 100 passengers per hour travelling from node A to node B, and k is set as 1. The cost functions are modeled using 

linear BPR functions, which using our notation translate into the following waiting time, and effective frequency functions: 

wil =
1
fl
+ βρil,∀i ∈ N , l ∈ L i (14)  

fil = fl ⋅
(

1
1 + βflρil

)

, ∀i ∈ N , l ∈ L i (15) 

Parameter β in these expressions represents the additional waiting time an average user experiences when a single attractive service 
reaches a level of saturation of ρ = 1. In this example, this parameter takes a value of β = 10 minutes, which is arguably a bit high if we 
consider that L4 has an average headway of 3 min. Moreover, the value of β should vary with the nominal frequency for realism, which is 
not the case in this example. 

Our initial auxiliary network for this instance is the same one that the DCF algorithm builds, shown in Fig. 3. This is not always the case: 
our initial auxiliary network contains always one single arc for each route section, while the DCF algorithm defines several parallel arcs with 
disjoint sets of services from the beginning of the algorithm, and this set remains unchanged. Note that in both algorithms the initial network 
assumes an uncongested state of the system, which means that these networks are independent from the demand matrix to assign. 

To implement our algorithm, we need to obtain the saturation function for each service as it exits each node, using expression (8). 
These saturation functions are then as follows: 

ρA,L1 =
1

100
⋅ v1

ρA,L2 =
1

100
⋅ [v2 + v4]

ρx,L2 =
1

100
⋅

[

v2 +
fx,L2

fx,L2 + fx,L3
v5

]

ρx,L3 =
1
40

⋅

[

v3 +
fx,L3

fx,L2 + fx,L3
v5

]

ρy,L3 =
1

40
⋅

[

v3 +
fx,L3

fx,L3 + fx,L4
v6

]

ρy,L4 =
1

200
⋅

[
fx,L4

fx,L3 + fx,L4
v6

]

(16) 

Fig. 3. Initial auxiliary network for the first instance.  

Fig. 2. Network and scenario definition for example 1.  
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The diagonalized saturations ρ̂il(va) can be computed at each iteration using expression (13). These values and the waiting times 
functions are then used to obtain the diagonalized costs of the problem, which (for a given solution V) are the following: 

ĉ1 = 31 +
1

10
⋅ v1

ĉ2 = 19 +
1
10

⋅
[

v2 + v4

]

ĉ3 = 23 +
1
4

⋅

⎡

⎢
⎣v3 +

f x,L3

f x,L2 + f x,L3
v5

⎤

⎥
⎦

ĉ4 = 13 +
1
10

⋅
[

v2 + v4

]

ĉ5 =
6 f̂ x,L2(v5) + 4 f̂ x,L3(v5) + 60

f̂ x,L2(v5) + f̂ x,L3(v5)

ĉ6 =
4 f̂ y,L3(v6) + 10 f̂ y,L4(v6) + 60

f̂ y,L3(v6) + f̂ y,L4(v6)

(17) 

All these costs are expressed in minutes. Note that these functions are updated at each iteration, using the current values of flows 
(va) and effective frequencies (f il). The diagonal effective frequencies used in these expressions are: 

f̂ x,L2(v5) =
1

6 +
1
10

⎡

⎢
⎣v2 +

f x,L2

f x,L2 + f x,L3
v5

⎤

⎥
⎦

f̂ x,L3(v5) =
1

15 +
1
4

⋅

⎡

⎢
⎣v3 +

f x,L3

f x,L2 + f x,L3
v5

⎤

⎥
⎦

f̂ y,L3(v6) =
1

15 +
1
4

⎡

⎢
⎣v3 +

f y,L3

f y,L3 + f y,L4
v6

⎤

⎥
⎦

f̂ y,L4(v6) =
1

3 +
1
20

⎡

⎢
⎣

f y,L4

f y,L3 + f y,L4
v6

⎤

⎥
⎦

(18) 

It is important to point out here the similitudes and differences between our cost functions, and the ones defined in De Cea and 
Fernández (1993). The first difference is, evidently, that our functions are only defined implicitly (which is the reason we only report 
the diagonal cost functions instead), while in DCF these functions are defined explicitly. Additionally, our formulation considers the 
influence of congestion through the effective frequencies not only in waiting times, but also in the expected in-vehicle travel time, as 
we point out in the introduction. We could think of this approach as going one step beyond the semi and fully congested approaches 
defined by Bouzaïene-Ayari et al. (2001). In spite of these differences, the diagonal functions from both approaches are the same (but 
with different notation) for arcs 1 to 4 in our network. This is not a coincidence. It comes from the fact that the competing flows that 
determine fail-to-board probability are the same in both cases. There are two arcs, however, where the diagonal cost functions are not 
the same. This happens because these functions can be defined using different approaches. As we explained earlier, we obtain the 
waiting times for groups of services as wiL = k/

∑
l∈Lfil, which comes from assuming that waiting times are proportional to the total 

effective frequency available. In De Cea and Fernández (1993) there is not a clear explanation about the cost functions for these arcs; it 
seems like they directly replicate the functional form of the single service cost functions. This leads to a simpler formulation (which 
might be a good approximation), but it generates an inconsistency between waiting times and their associated effective frequencies. 

Table 1 shows, for each arc, the equilibrium results for both the DCF model and our model. For the DCF model we provide the flow 
per arc, and the equilibrium costs computed using the original cost functions from De Cea and Fernández (1993), c’

a, and the costs 
computed using our methodology, ca. To compute these costs, we use Algorithm 1 to obtain the level of saturation for each line at each 
stop. For our algorithm, we also provide the resulting effective frequencies and the flow splits for each line, which are proportional to 
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the effective frequencies. The resulting flows and the average passenger load for each service on each section are depicted in Fig. 4. 
We can check, first, that both solutions represent an equilibrium assignment for their cost functions, with equilibrium costs of 36.6 

(using DCF) and 36.3 min (using our algorithm). Both solutions present a similar structure of non-negative flows, which means 
passengers utilize the same routes and sets of attractive services in both assignments. This is not surprising, given that both algorithms 
started with the same initial network on this particular instance, and that the mild level of congestion does not trigger the apparition of 
new attractive combinations of services in our solution. 

Looking at the resulting loads from Fig. 4, some differences stand out. First, both the flows on arcs of the auxiliary networks and the 
resulting load profiles are different: arc flows show gaps of up to 9.5%, and loads show differences of up to 30.8% between approaches. 
These differences come in part from the different cost functions under consideration, but the effect of the semi versus fully congested 
approach for splitting flows also plays a visible role. The subnetwork formed by nodes y and B illustrates this last effect, given that both 
L3 and L4 start carrying load in node y in both assignments. On the semi congested network from DCF, loads spread equally between 
available services, because the same nominal frequencies are involved in the flow split and computing the load on each bus. However, 
in our fully congested model, flows split proportional to the effective frequency, but average loads are still computed using nominal 
frequencies (keep in mind buses are still passing through the station at the same rate – their nominal frequency), which explains the 
difference between these two equilibrium loads. 

Looking back at Table 1, we can also note that the effective frequencies on L1, L2 and L4 are roughly half the nominal frequencies, 
which means that passengers are in average failing to board about half of the buses on those lines. On the other hand, if we look at the 
loads from our solution in Fig. 4, we can see that the buses (with Ql = 10) are hardly operating at capacity. This happens because as 
discussed earlier β = 10 minutes is rather high, and because a linear congestion function such as (14) grossly overestimates the effect of 
congestion for lower levels of flows and saturations. 

Table 1 
Detailed results from the mildly congested scenario.  

Arc DCF This work 

a+ a− Lsa  va (pax/h)  c’
a (min)  ca (min)  va (pax/h)  ca (min)  Effective frequency (veh/h) Flow split (pax/h) 

L1 L2 L3 L4 L1 L2 L3 L4 

A B L1 57.0 36.7 36.7 52.5 36.3 5.3 – – – 52.5 – – – 
A Y L2 43.0 23.3 23.3 47.5 23.8 – 5.6 – – – 47.5 – – 
Y B L3 L4 43.0 13.3 12.4 47.5 12.5 – – 3.4 12.4 – – 10.3 37.9 
A X L2 0.0 17.3 17.3 0.0 17.7 – 5.6 – – – 0.0 – – 
X B L3 0.0 23.0 23.0 0.0 23.0 – – 4.0 – – – 0.0 – 
X Y L2 L3 0.0 12.8 11.3 0.0 11.4 – 5.6 4.0 – – 0.0 0.0 –  

Fig. 4. Flows, costs and loads for both approaches.  
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5.2. Example 2 

This example is based on the five-stop corridor whith three services depicted in Fig. 5. 
The three services are operated by buses of capacity for Ql = 100 passengers. The demand matrix for this example consists of four 

O-D pairs, with T15 = 2, 500 pax/h, and T25 = T35 = T45 = 500 pax/h. 
For this example, we focused on the limitations of the DCF algorithm regarding the reduction of the search space by drastically 

limiting the number of combinations of lines to consider for each route section in the network. To make results from both algorithms 
comparable, we used the same (implicit) cost functions fot both algorithms, which means that we are actually solving a fully-congested 
version of the DCF algorithm in this example. To find the equilibrium solutions in this case we use a simple adaptation of Algortihm 2 
where the initial network is build following the DCF algorithm rules, and where no new arcs are introduced afterwards. 

The waiting time functions for this experiment were defined as follows: 

wil =
1
fl
+ βlρ

γ
il, ∀i ∈ N , l ∈ L i (19) 

The value of βl was set to βl = 3/fl, which implies that when ρil = 1 the waiting time gets amplified by a factor of four, or equivalently, 
that users will wait in average for four buses to come until they are able to board one. We chose a value of γ = 5, which means that the 
congestion curve remains almost constant for low saturations and spikes when it approaches a value of 1, as shown in Fig. 6. 

Fig. 7 illustrates the initial auxiliary network for our algorithm and for the DCF algorithm. Note how the auxiliary network for the 
DCF algorithm contains parallel arcs with disjoint sets of services connecting nodes 1 and 5 (arcs a1 and a11). These sets are build for 
each route section by DCF by building a set of attractive lines (using Chriqui and Robillard’s (1975) algorithm), removing it from the 

Fig. 6. BPR waiting time functions with βl = 3/fl and γ = 5.  

Fig. 5. Network and scenario definition for example 2.  

H. Larrain et al.                                                                                                                                                                                                        



Transportation Research Part C 127 (2021) 103125

14

set of services connecting the route section, and repeating the process until every service is assigned to an arc. The DCF auxiliary 
network remains unchanged during the execution of the algorithm, unlike our network, which can grow as new sets of lines become 
attractive, as we will see in this example. 

Fig. 8 illustrates the equilibrium assignment obtained for the network using both algorithms. The main difference between both 
assignments happens with trips from 1 to 5, where the set of utilized route sections differ (i.e., they correspond to different sets of 
lines). This means that there must be a combination of services not available in the DCF network that can reduce the current travel time 
for this O-D pair, which implies that the DCF solution is not a user equilibrium in the complete network. The differences in arc loads of 
both assignments is quite significant. In the case of L2 the DCF method underestimates the occupancy of its buses by up to 84.7% with 
respect to the equilibrium assignment loads. Note that since we defined bus capacity at 100, these loads also correspond (in %) to the 
level of saturation of the line leaving each stop. 

Fig. 8. Comparative results using cost fuctions of this work, i.e., fully congested model.  

Fig. 7. Initial auxiliary networks.  
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Table 2 shows, for both algorithms, the predicted flows and costs for each arc, including those not used in the user equilibrium 
obtained by our approach. Here we can verify that, in the DCF solution, users going from 1 to 5 could indeed improve their expected 
travel times by switching to a strategy using services {L1, L3}, {L2, L3}, or {L1, L2, L3} with travel times inferior to 35.6 min offered by 
the two active arcs. It also serves as validation that our algorithm does reach a solution that satisfies Wardrop’s conditions: no user can 
improve their travel time by switching to a different route in the network. 

Table 2 also shows the evolution of the solution for our algorithm. The gray cells in the table correspond to arcs that are not 
considered on each iteration. We observe that the initial network for this instance actually changes in iteration 1, where an arc from 1 
to 5 using set {L2, L3} is added. 

5.3. The Sioux Falls network 

In our third example, we used our algorithm to find an equilibrium assignment on the well-known Sioux Falls network, introduced 
by (Leblanc et al., 1975) as a benchmark to test and compare public transport design algorithms. This network was selected to show the 
applicability of our algorithm on larger and more realistic networks. 

Table 2 
Detailed results for both algorithms.  

*These results are for the fully congested version of the DCF algorithm. 
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Different authors have proposed different public transport systems for the Sioux Falls network. Fig. 9 illustrates the public transport 
system that we used in our experiment. We based these services on the solution by Leblanc (1988), but with some modifications to 
make it more challenging. In particular, we extended L2, L3 and L5, to generate more parallel lines so the route-based passenger 
assignment and the selection of attractive services become relevant when searching for a user equilibrium. We took the values for bus 
capacities from (Ren et al., 2012), and we set the frequencies to ensure a level of congestion that made the equilibrium problem 
interesting. For the waiting time functions (i.e., congestion functions) in this experiment, we used the same ones as in example 2. 

The O-D demand matrix for our experiments is provided in Table 3. This matrix is very similar to the one proposed by (Leblanc 
et al., 1975), with some slight modifications to make the equilibrium problem more challenging. 

For this experiment, we implemented our algorithm in Python 3.7.1, and executed on a Core i7 computer of 2.7 GHz processor with 
12 GB of RAM. We provide the equilibrium assignment obtained with our algorithm in Fig. 10. In this solution, we show the saturation 
levels on the different services for the resulting equilibrium assignment. We also provide the saturation values for the initial uncon
gested passenger assignment. We can observe that the saturation values tend to balance out as the solution approaches the equilibrium: 
the level of saturation for the least saturated segment in the uncongested solution (segment (1, 3) for service L3) increases from 5.0% to 
18.4%, while the saturation in the critical segment, (10,16) for service L3, sees a reduction from 139.3% to 119.4%. 

Fig. 11 gives a closer look to the results for the subsystem formed by stations 1, 3, 10 and 20. We focus on part of the network 
because it would be too impractical to present this analysis for the whole network. We can observe here that our algorithm effectively 
generates new combinations of attractive services not present in the uncongested solution. These new arcs, necessary to reach the 
equilibrium solution, are depicted in dashed lines in the figure. 

To assess the applicability of our algorithm in bigger networks, we plot the convergence of the equilibrium solution in Fig. 12. The 
graph indicates the sum of the total absolute difference in flows between consecutive iterations, i.e., the sum 

∑
a∈A

⃒
⃒vn

a − vn− 1
a

⃒
⃒ where n 

indicates the current iteration (note that the uncongested assignment corresponds to iteration 0). The total absolute difference on the 
5th iteration is 62 pax/h; on the 10th iteration this value is further reduced to 26 pax/h. This convergence value is more than 
acceptable, considering that the total number of trips to assign is 365,400 pax/h. Furthermore, the total running time for the algorithm 
was only 12 s. This proves that the algorithm is efficient and that it should be able to solve instances over larger networks. 

Fig. 9. Network and scenario definition for example 3.  

H. Larrain et al.                                                                                                                                                                                                        



TransportationResearchPartC127(2021)103125

17

Table 3 
Travel demand matrix.   

1 2 3 4 5 6 7 8 9 10
 

11
 

12
 

13
 

14
 

15
 

16
 

17
 

18
 

19
 

20
 

21
 

22
 

23
 

24
 

1 0 100 100 500 5000 300 500 800 500 1300 500 200 500 300 500 500 400 100 300 300 100 400 300 100 
2 100 0 100 200 100 400 200 400 200 600 200 100 300 100 100 400 200 0 100 100 0 100 0 0 
3 100 100 0 200 100 300 100 200 100 300 300 200 100 100 100 200 100 0 0 0 0 100 100 0 
4 500 200 200 0 500 400 400 700 700 1200 1500 600 600 500 500 800 500 100 200 300 200 400 500 200 
5 200 100 100 500 0 200 200 500 800 1000 500 200 200 100 200 500 200 0 100 100 100 200 100 0 
6 300 400 300 400 200 0 400 800 400 800 400 200 200 100 200 900 500 100 200 300 100 200 100 100 
7 500 200 100 400 200 400 0 1000 600 1900 500 700 400 200 500 1400 1000 200 400 500 200 500 200 100 
8 800 400 200 700 500 800 1000 0 800 1600 800 600 600 400 600 2200 1400 300 700 900 400 500 300 200 
9 500 200 100 700 800 400 600 800 0 2800 1400 600 600 600 1000 1400 900 200 400 600 300 700 500 200 
10 1300 600 300 1200 1000 800 1900 1600 2800 0 3900 2000 1900 2100 4000 4400 3900 700 1800 2500 1200 2600 1800 800 
11 500 200 300 1400 500 400 500 800 1400 4000 0 1400 1000 1600 1400 1400 1000 200 400 600 400 1100 1300 600 
12 200 100 200 600 200 200 700 600 600 2000 1400 0 1300 700 700 700 600 200 300 500 300 700 700 500 
13 500 300 100 600 200 200 400 600 600 1900 1000 1300 0 600 700 600 500 100 300 600 600 1300 800 700 
14 300 100 100 500 100 100 200 400 600 2100 1600 700 600 0 1300 700 700 100 300 500 400 1200 1100 400 
15 500 100 100 500 200 200 500 600 900 4000 1400 700 700 1300 0 1200 1500 200 800 1100 800 2600 1000 400 
16 500 400 200 800 500 900 1400 2200 1400 4400 1400 700 600 700 1200 0 2800 500 1300 1600 600 1200 500 300 
17 400 200 100 500 200 500 1000 1400 900 3900 1000 600 500 700 1500 2800 0 600 1700 1700 600 1700 600 300 
18 100 0 0 100 0 100 200 300 200 700 100 200 100 100 200 500 600 0 300 400 100 300 100 0 
19 300 100 0 200 100 200 400 700 400 1800 400 300 300 300 800 1300 1700 300 0 1200 400 1200 300 100 
20 300 100 0 300 100 300 500 900 600 2500 600 400 600 500 1100 1600 1700 400 1200 0 1200 2400 700 400 
21 100 0 0 200 100 100 200 400 300 1200 400 300 600 400 800 600 600 100 400 1200 0 1800 700 500 
22 400 100 100 400 200 200 500 500 700 2600 1100 700 1300 1200 2600 1200 1700 300 1200 2400 1800 0 2100 1100 
23 300 0 100 500 100 100 200 300 500 1800 1300 700 800 1100 1000 500 600 100 300 700 700 2100 0 700 
24 100 0 0 200 0 100 100 200 200 800 600 500 800 400 400 300 300 0 100 400 500 1100 700 0  

H
. Larrain et al.                                                                                                                                                                                                        



Transportation Research Part C 127 (2021) 103125

18

Fig. 12. Convergence of the algorithm on example 3 (Sioux Falls).  

Fig. 10. System equilibrium saturations.  

Fig. 11. Detail of the attractive services for a subnetwork in example 3.  

H. Larrain et al.                                                                                                                                                                                                        



Transportation Research Part C 127 (2021) 103125

19

6. Conclusions 

Predicting transit assignment is challenging. The approach must consider as robustly as possible how passengers choose a sequence 
of services to reach their destinations. This effort becomes harder when the impact of highly occupied vehicles into waiting times is 
considered. This is the case in many high-demand systems in the world. 

In this paper we provide a methodology that builds into the one proposed by De Cea and Fernández (1993) in which passengers are 
expected to choose the routes that minimizes their total trip time. But instead of assuming that passengers may only choose among 
disjoint sets of services as the set of common lines for each trip leg, the proposed methodology considers all possible combinations. The 
method also more robustly incorporates effective frequencies (in contrast to nominal ones) into expected in-vehicle travel time esti
mations and into splitting passengers among the set of attractive lines. The results show that when compared to the original meth
odology, the proposed methodology has a severe impact on the passenger loads of each line segment, even for quite small networks. 
This highlights the relevance of our contribution, since transit planning is often based on these types of tools. 

As future research, we plan to test this method on real networks, such as the Transantiago network in Santiago, Chile, or the 
Transmilenio network in Bogotá, Colombia. It would also be interesting to compare the equilibrium assignment from our model with 
an equilibrium where pasengers assign to their shortest hyperpaths instead of routes. Characterizing the convergence of the algorithm 
is also part of our future work, i.e., discussing if the convergence can be guarranteed, if it always converges to an equlibirum assigment, 
and under which conditions such an equilibrium would be unique. We also expect to embed the transit assignment model into a 
transport equlibrium where the demand between any pair of stops depends on the level of service instead of being fixed, combining 
traffic equilibrium with a modal choice and a trip distribution model. 
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